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Abstract. In this paper, we investigate the action of pseudogroup of 
all point transformations on the natural bundle of equations 

y" = a 3 (x,y)y' 3 + a 2 (x,y)y' 2 + a 1 {x,y)y' + a°(x,y) . 

We construct differential invariants of this action and solve the equiva- 
lence problem for some classes of these equations in particular for generic 
equations. 



1. Introduction 

This paper is devoted to differential invariants and the equivalence prob- 
lem of ordinary differential equations of the form 

y" = a 3 (x, y)y' 3 + a 2 {x, y)y' 2 + a}(x, y)y' + o°(x, y) . (1) 

There are different approaches to construct differential invariants of these 
equations, see R. Liouville [TU], S. Lie [13 EH], A. Tresse [23], E. Cartan 0, 
G. Thomsen [22], and R.B. Gardner 0. ~ 

In [25], we presented an approach to this problem differing from above 
mentioned ones. In this paper, we state in detail this approach, construct 
tensor and scalar differential invariants in this way, and solve the equivalence 
problem for some classes of equations flip, in particular, for generic equations. 

Briefly, our approach is as follows. Every equation £ of form (pQ) can be 
considered as a geometric structure. To this end, we identify the equation 
£ with the section 

S £ : (x,y) i ► (x,y, a°(x,y), a 1 ^,?/), a 2 {x,y), a 3 (x,y) ) 

of the product bundle tt : R 2 x K 4 — ► R 2 . Thus the set of all equations ([I]) 
is identified with the set of all sections of tt. It is well known, see [2J, that 
every point transformation of variables x and y transforms every equation 
(PQ) to equation of the same forn£]. It follows that every point transformation 
/ of the base of tt generates the transformation of sections of tt. This means 
that / can be lifted in the natural way to the diffeomorphism /W of the 
total space of tt. Thus the bundle tt of equations (P) is a natural bundle. 
Therefore equation ([1]) considered as a section of tt, is a geometric structure, 
see pp. By tt^ : J k TT — > R 2 denote the bundle of fc-jets of sections of tt, 
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k = 1,2,.... Every lifted diffeomorphism /(°) is lifted in the natural way 
to the diffeomorphism /W of J k ir. The lifting of point transformations 
generates the natural lifting of every vector field X in the base of tt to the 
vector field X^ in J k 7r. Suppose a lifted vector field X^ k ' passes through a 

k (k) 

point 9k S J tt. Then the value Xg of this field at Ok is defined by the fc+2- 
jet j k+2 X of the field X at the point p = TT k (O k ). Let 8 k+1 € J fc+1 vr. Then 
there exists a section S of tt such that 9k+i = jp +1 S, where p = 7Tk+i(Qk+l)- 
The section S generates the section jkS of the bundle iTk by the formula 
jkS : p i— ► jpS. It is clear that Ok+i is identified with the tangent space to 
the image of j k S at the point 6k = jpS. We denote this tangent space by 
%e k . Now we can introduce the following vector space of k + 2-jets at p 
of vector fields in the base passing through p : 

Ae k+1 = {j k p +2 X\X^ e%e k+l }- 
The spaces A$ k+1 , k = 0, 1, 2, . . ., possess nontrivial properties. These prop- 
erties allow us to construct in the natural way some geometric objects tog k+1 
on the tangent space to the base at the point p = -Kk+i{0k+\)- As a result, 
we obtain fields of these objects on J k+1 ir 

Ok + l 1 ► UQ k + 1 . 

These fields are differential invariants of the considered equations w.r.t. 
point transformations. 

The pseudogroup of all point transformations of the base acts by the lifted 
diffeomorpisms on every J k TT. As a result, every J k Tr is divided into orbits 
of this action. The bundles J°tt and J^tt are orbits of this action. The 
bundle J 2 tt is the union of two orbits: Orb^ and Orb^. First one is an orbit 
of codimension 0, the second one has codimension 2 and consists of 2-jets 
of sections £*£ such that the equation £ can be reduced to the linear form 
by a point transformation, see |114 126]. The bundle J 3 tt is the union of four 
orbits: an orbit Orb|j of codimension 0, an orbit Orb^ of codimension 1, 
an orbit Orb| of codimension 2, and the orbit of codimension 6 that is the 
inverse image of Orb| over the natural projection J 3 7r — » J 2 ir. 

In this paper, we construct differential invariants and solve the equivalence 
problem for equations £ satisfying the condition jaSg C Orb[|. 

All manifolds and maps are smooth in this work. By j k f denote the /c— jet 
of the map / at the point p, k = 0, 1, 2, . . . , oo, by E denote the field of 
real numbers, and by M. n denote the n-dimensional arithmetic space. We 
assume summation over repeated indexes in all formulas. 

2. The bundle of equations 

2.1. Liftings of point transformations. Consider the product bundle 

tt-.M 2 xl 4 — ► M 2 , tt: (a^a^u 1 ,...,!* 4 ) (x\x 2 ), 

where x l ,x 2 are the standard coordinates on the base of tt and u , u 2 , -u 3 , 
u 4 are the standard coordinates on the fiber of tt. 

Let £ be an arbitrary equation (pQ). We identify £ with the section Sg of 
tt defined by the formula 

S E (p) = (p, a°(p),a 1 (p),a 2 (p),a i (p)), 
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where p = (x , x 2 ). Clearly, this identification is a bijection between the set 
of all equations ([1]) and the set of all sections of tt. 

Recall that a point transformation o/R 2 is a diffeomorphism of some open 
subset of R 2 to M 2 . 

Every point transformation / of M 2 generates the transformation of £ to 
the equation £ of the same form, see [2], 

y" = a 3 (x , y)y' 3 + a 2 (x, y)y' 2 + a x (x, y)y' + a°(x, y) . 

The coefficients of £ are expressed in terms of the coefficients of £ and the 
2-jets of the inverse transformation / : 

a\p) = &(a°(f-\p)), a^rHp)), j?/" 1 ) , i = 0, 1, 2, 3. (2) 

It follows that the equations 

p = f(p), u' = &{u\...,u\ f m r X ): i = 1,2,3,4. 

define the diffeomorphism f(°> of the total space of tt. It is easy to see that if 
U is domain of /, then /(°) is defined on 7r _1 (f/ / ), where U' is the everywhere 
dense open subset of U. This diffeomorphism f( ' is called the lifting of f 
to the bundle tt. Obviously, the diagram 

f(0) 

E — ► E 



M > R 

/ 

is commutative (in the domain n~ l (U') of /^°'). 

Now equations ([2]) is represented in the terms of the transformation of 
the corresponding sections in the following way 

Si = / (0) o S £ o f-\ 

By jpS denote the the A;— jet at p of the section S of tt, k = 0, 1, 2, . . . , oo. 
By 

7T k :J k 7T — > R 2 , n k :j$S^p, 

denote the bundle of all fc-jets of sections of tt. By x 1 , x 2 , u l a , i = 1, . . . , 4, 
< \<t\ < k, we denote the standard coordinates on J k n, here a is the multi- 
index {ji . . . j r }, H = r, ji, . . . , j r = 1,2. By aj we denote the multi-index 
{ji • • • jrj}- The natural projection 

7T/ Cj r : J k ir — > J r ir , oo > k > r, 

is defined by TTk, r (jpS) = jpS. By J k ix denote the fiber of the bundle TTk 
over the point p, that is J k ix = ix~^ l (p). Every section S of tt generates the 
section j^S of the bundle tt^ by the formula 

jkS : p hh. j k S. 

Every point transformation / of the base of tt is lifted to the diffeomor- 
phism f( k ^ of J k TT by the formula 

f {k) UtS)=j k m (fMoSof-l). (3) 
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This diffeomorphism f^ is called the lifting of f to the bundle tt^ Obviously, 
for any oo > I > m, the diagram 



J m TT 



f(l) 



/( m) 



J m ir 



is commutative. Suppose / and g are point transformations of the base of 
7r, then obviously, 

lf°2) (fc) = / (fc W fe) , A; = 0,1,... 

By r we denote the pseudogroup of all point transformations of the base of 
7T. The pseudogroup T acts on every J k ir by the lifted transformations. 



2.2. Liftings of vector fields. Let X be a vector field in the base of ir and 
let ft be its flow. Then the flow f^ in J k ir defines the vector field in 
J k ir, which is called the lifting of X to J k ir. 
It follows from the definition: 

fa,m).(* (0 ) =X(™), oo>Z>m>-l, 
where ni „i = tti and X^~^ = X, and 

(/«),(X( fe )) = (/,(X))( fe ), A; = 0,1,... , 

where / is an arbitrary point transformation of the base of ir. 

Proposition 2.1. The map X i — ► X^ is a Lie algebra homomorphism of 
the algebra of all vector fields in the base of ir to the algebra of all vector 
fields in J k 7r. 

Proof. See subsection 19.11 of Appendix. □ 

Recall the formulas describing lifted vector fields in the terms of the stan- 
dard coordinates of J k ir, see [H], |15| . Let S be a section of ir defined in 
the domain of X, p be a point of this domain, and 6± = jpS. Then the 
vector-function ipx defined by the formula 



iM*i)=l : " I = 4(/i (0) °*wr 1 ) » 



t=0 



is the deformation velocity of the section S at the point p under the action 
of the flow of X. Suppose 

X = X 1 -g- I + X 2 -^ and 6i = (?,«*,«$). 
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Then 



( -u\X l - u\X 2 \ 
-2u x X\ + u l X 2 - u 2 X 2 

-u\X l - u 2 X 2 
-Zu x X\ - u 2 X\ - 2u 3 X 2 

12 



-u\X l - u\X 2 
-2u 2 X\ - v?X\ - 3u 4 X 2 
—2X\ 2 + X 22 



-u\X l - u\X 2 

,3vl i „,4yl 



-U 6 X 2 ' + V?X[ - 2u A X\ 
-X 

d 2 X i 



dX i 



(p) and X) 



~ X 22 



(4) 



j Q x j ~ nn Q x hQ x j 2 

described by the formula 



(p). The vector field X^ is 



x {oo) =x 1 D 1 +X 2 D 2 + 3 i , x , 



where 



OO 4 „ 

a sr- ST- i v 

\a\=0 i=l 



j = 1,2. 



(5) 



is the operator of total derivative w.r.t. x 3 and 

oo 4 q 

%=EE^(^)S7- D c = D h o...oD 

M=o i=i 

The vector field X^> is described by the formula 



3r- 



X {k) = (itoo, fc )*(^ (oo) ) = + X 2 D k 2 + 3 k 



1p x ' 



where 



rj fc 4 



9 



Icrl =0 J=l 



(6) 



(7) 



(8) 



<9ui 



The following important statement is obvious. 

Proposition 2.2. Let 6k € J k n, p = i^kiflk), and X^ be a lifted vector field 
passing through 9k- Then the value X^ of X^ at the point 9k is defined 
by the (2 + k)~jet j 2+k X of the vector field X at the point p. 
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3. ISOTROPY ALGEBRAS AND ORBITS 

3.1. Jets of vector fields. In this subsection, we recall necessary notions 
concerning jets of vector fields, prolongations of subspaces, and Spencer's 
complexes , see [3J, and [9]. 

By W p we denote the Lie algebra of oo-jets at p € R 2 of all vector fields 
defined in R 2 in neighborhoods of p. Recall that the structure of Lie algebra 
on W p is defined by the following formulas 

\j™X = j™ (XX) , j™X + j™Y = j™ (X + Y), 

[j?X,j?Y] = j?[X,Y] VA G R, Vj-X, j™Y G W p . 

By Lp , k = — 1,0,1, 2,..., we denote the subalgebra of W p defined by 

Lp = {j™X G W n | jpX = } , k > , L~ l = W p . 

Obviously, W p /L k is the vector space of all fe-jets at p of all vector fields 
passing through p. In particular, Wp/Lp* is the tangent space T p to R 2 at p. 
We have the natural filtration 

W p = L- 1 D L° p D L\ D . . . D L k D L k p +1 D ... . (9) 

By pij, i > j > 0, we denote the natural projection 

Pij : Wp/Lp -> , : f p X » #X 

It is easy to prove that 

[L P , V p \ = Lp + \ i,j = -1,0,1,2,... . 

It follows that the bracket operation on W p generates the Lie algebra struc- 
ture on the vector space Lp/L k 

[-,-]: L°p/L k pXL p/L k p ^L°p/L k p (10) 

and generates the following maps : 

[-,-]: W p /L k x W p /L k - WplLf 1 , (11) 
[v]:T p xLj/^Ul^. (12) 

The last map generates the isomorphism 

L k /L k+1 ^T p ®s k (T;). (13) 

Let g k be a subspace of L k ~ l /L k . The subspace (g k )^ C L k /L k+1 is defined 
by ' 

(/)« = { x g |[«,x]€s*v»er p } 

and is called the 1-st prolongation of g k . Assume that the sequence of 
subspaces g 1 , g 2 , . . . , <?* , ... satisfies to the property [T p , g t+1 ] C g l . 
Then for every g l , we have the Spencer's complex 

o - g l ^ <r 1 ® t; *=h* <r 2 ^ a 2 t; ^ o , (i4) 

where the operators df.,i ■ g k <8> a'T^ — > g k ~ l <8> A /+1 Tp are defined in the 
following way: every element £, £ g k <£> A l T* can be considered as an exterior 
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form on T p with values in g k , then 

2+1 

( MO )K • • • > "i+i) = I^C-i)^ 1 !^ > £K ...,«<,..., ] • (is) 

3.2. Isotropy algebras. Let Of. £ J k ir and p = iTk{0k)- By we denote 
the isotropy group of 

G 9k = { j 2 p +k f\feT, fW(9 k ) = 9 k }. 

By 0e fc we denote the Lie algebra of Gg k . It can be considered as a subalgebra 

= { € L°/L*-* | Jfg) = } (16) 

The algebra Qg k is called the isotropy algebra of Ok- Prom this definition and 
©, we get 

Proposition 3.1. Let j 2+k X = (p,0,Xj, . . . , j 2+k ) in the standard co- 
ordinates. Then j 2+k X £ Qg k iff (0, X), . . . , Xj^ ) is a solution of the 
system of linear homogeneous algebraic equations 

(D a (tp i x ))(0 k ) = 0, 1 = 1,2,3,4, < |cr| < A: . 
The natural filtration © generates the natural filtration of Qg k 
9e k = dl k ^ Q 2 e k D • • • D 9 2 g k k , 

where 

5 9k = Q9k n U p l /L 2 p +k , i = 1, 2, . . . , 2 + k. 
This filtration generates the graduate space 

Gde k =g 1 e k ®g 2 g k (B...(Bg k e + 2 , 

where 

4 = 4/C i = 1, 2, . . . , * + 1, g k f = s£+ 2 . 

3.2.1. Algebras Qg . Let Oq G J°tt and p = tt{0q). The algebra Qg is a 
subalgebra of L®/L 2 . Suppose j 2 X = (p, 0, Xj, X l jij2 ) G and = 

(p, u , . . . , it ) in the standard coordinates. Then from Proposition 13-H we 
get that gg is described by the system 

- 2u l X\ + u l X\ - u 2 X\ + Xf x = 

- Z^X] - u 2 Xi - 2u 3 X 2 - Xh + 2X? 9 = 

- 2u 2 X\ - u 3 X\ - 2,u A Xl - 2X\ 2 + X\ 2 = 

- u 3 Xl + ti 4 X| - 2u 4 X| - X\ 2 = . 

From this system, we obtain the natural filtration of Qg and the correspond- 
ing graduate space Ggg : 

00o D S 2 , G0 0o = L°/L 4 g 2 , (18) 

where g 2 = g| is independent of the point 0q an d is defined by the system 

X 2 1= 0, Xl-2X 2 2 = 0, 2X\ 2 -X 2 2 = 0, X\ 2 = Q. (19) 
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From the last system, we get 

dime/ 2 = 2, (20) 
G? 2 ) (1) = {0}. (21) 
Taking into account isomorphism f)13[) . we obtain that the tensors 



2\ 



ei = 2-— (8) (dx 1 dx 1 ) + — - <g> (dx 1 

OX OX A / 99 \ 

(9 5 ^ ' 

&2 = 2tt^ 8) (dx 2 dx 2 ) + — r (dx 1 dx 2 ) 
ox 1 ox 1 

form the base of the vector space g 2 . 

3.2.2. Algebras gg 1 . Let #i E J 1 -^, #o = ^1,0(^1)) an d p = ^i(0i). The 
algebra gg 1 is a subalgebra of Lp/Lp. It follows from Proposition 13.11 that 
00j is described by the system of linear homogeneous algebraic equations 

^(0o) = O, Di(^)((9i) = 0, £» 2 (^)(0i) = O, 
t = 1,2,3,4. 

From this system, we obtain the natural filtration of 0^ and the correspond- 
ing graduate space Gqq 1 : 

Q dl D fllj D {0} , Gg 01 = L^/L 1 © 5 2 {0} , 
Thus the projection 

P3,2| 0e : Qe 1 — ► 00 o ( 23 ) 

is an isomorphism. 

3.2.3. Algebras $q 2 . Let 9 2 £ J 2 vr and p = ^2(^2)- The algebra Qq 2 is a 
subalgebra of Lp/Lp. Suppose jpX = (p, 0,Xj, . . . ,X^ -J € Lp/Lp and 
2 = (p, , Uj , u'-j - 2 ) in the standard coordinates. Applying computer al- 
gebra, we reduce the system of equations describing the algebra Qq 2 , see 
Proposition 13. 11 to a step- form. As a result, we obtain the natural filtration 
of Qq 2 and the corresponding graduate space Gg^ : 

Qe 2 D 0e 2 D {0} D {0} , G , 2 = 5 £ 2 © 5 2 ©{O}0{O}, (24) 

where subalgebra g$ C Lp/Lp is defined by the system of equations 

2F 1 • X 1 + F 2 • X\ + F 1 • X\ = 

F 2 • + F 1 • Xj 1 + 2F 2 • Xf = . 



(25) 



and 



F 1 = 3uln - 2u 2 n + u? 



*22 ~~ ^"12 ~r "11 

+ 3u 4 uJ - 3u 3 ^ + 2u 2 u\ - u 2 u\ - ?>u x u\ + <ou x u\ , 
F 2 = u\ 2 - 2u\ 2 + 3ufi 

- 3^*4 + 3u 2 u 4 - 2u 3 uf + tA 2 . + 3u 4 u 2 - 6u 4 *4 . 
From d2U) and P5]> . we get 

Proposition 3.2. (1) dim 0e2 = 4 iff (F 1 (9 2 ), F 2 (6 2 )) + 0. 
(2) dim 0e2 = 6 iff F 1 (6 2 ) = and F 2 (# 2 ) = 0. 



(26) 
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The conditions F 1 = and F 2 = can be considered as conditions for 
the coefficients of equation ([I]). The following statement is well-known, see 
01, [23], [6], [22], [H], pi], and [26]. 

Proposition 3.3. TTie conditions F 1 = and F 2 = are necessary and 
sufficient to exists a point transformation reducing equation ([T]) to the linear 
form. 

From this proposition, we get 

Corollary 3.4. Let £ be equation ([I]). Then it can be reduced to the linear 
form by a point transformation iff the isotropy algebra of every 2-jet of the 
section S*£ is 6-dimensional. 

From (|25p we get the system of equations defining the 1-st prolongation 
(3<9 2 ) (1) of the algebra g\ 2 

2F 1 ■ + • X\ 2 + • X\ 2 + F 2 ■ X 2 n + F 1 ■ X 2 2 + • X 2 2 = 0, 

• X l u + 2F 1 ■ X\ 2 + • X\ 2 + • X 2 X + F 2 ■ X\ 2 + F 1 ■ X 2 2 = 0, 

F 2 ■ X\ x + F l ■ X\ 2 + • X\ 2 + • X 2 n + 2F 2 ■ X 2 2 + • X 2 2 = 0, 

• X\ Y + F 2 ■ X\ 2 + F 1 ■ X\ 2 + • X\ x + • X 2 2 + 2F 2 • Z| 2 = 0. 

It is easy to prove now that 

dim(^ 2 )( 1 ) = 2. (27) 

3.2.4. Algebras Qo 3 . Let 6 3 G J 3 vr, p = 7r 3 (0 3 ), and 6» 3 = (p, u\ u], . . . , n* U2J3 ) 
in the standard coordinates. Applying computer algebra, we reduce the 
system of equations describing the algebra Qg 3 , see Proposition 13.11 to a 
step-form. From the obtained system, we get 

Proposition 3.5. dimg^ = iff F 3 (63) ^ 0, where 

F 3 = F 2 (F 1 D 1 F 2 - F 2 D 1 F 1 ) - F 1 (F 1 D 2 F 2 - F 2 D 2 F 1 ) 

+ {F l fu A - {F l ) 2 F 2 u 3 + F\F 2 ) 2 u 2 - (F 2 )V . ^ 

The function F 3 is a coefficient of some differential invariant of the action 
r on J 3 7r. Bellow, we will construct this invariant. First, it was obtained in 
a different way by R. Liouville in [19]. 

3.3. Orbits. In this section we describe some orbits of the actions of the 
pseudogroup T on the bundles J k ir, k = 0, 1, 2, 3. 

By Orb(#fc) we denote the orbit of the action of T on J k n passing through 
9k € J k n. It is clear that T acts transitively on the base of 7r. Hence Orb(^) 
can be reconstructed by the intersection Orb(#fc) n JpVr, where Jpir is the 
fiber of ir^ over an arbitrary point p of the base. Let T p be the subgroup 
of r consisting of all transformations preserving p. The subgroup T p acts 
on the fiber J k -K and Orb^) n Jpir is an orbit of this action. Taking into 
account the previous descriptions of the algebras Qg , Qq 1 , Qg 2 , and Qq 3 , we 
can prove now the following theorem 

Theorem 3.6. (1) J k ir, k = 0,l, is an orbit of the action of T, 

(2) J 2 7r is the union of two orbits of the action ofT, Oih 2 and Orb 2 .. 
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(a) Orb!] is a generic orbit, which is described by the inequality 

(F\ F 2 )/0, 

where F 1 and F 2 are defined by (f26l) . 

(b) Orb 2 , is a degenerate orbit of codimension 2, which is described 
as a submanifold of J 2 ir by the equations: 

F 1 = 0, F 2 = . 

(3) J 3 7r is a union of some orbits of the action ofT. One of these orbits 
Orb!] is a generic orbit, which is described by the inequality 

F 3 ^0, 

where F 3 is defined by (!28j) , 

4. Spaces Ag k+1 

In this section, we introduce a vector space Ag which is a basic notion 
of our approach to construct differential invariants. 

Let G J k+1 ir, p = 7Tfc +1 (6*fc+i) , and S be a section of tt such that 
j k+1 S = k+ i. Then 6 k+ i is identified with the tangent space to the image 
of the section j k S at the point 6 k = j p S. We denote this tangent space by 
%g k+1 . Obviously, in the standard coordinates, 

x o k +i = i D i\e k ' D *\o k >> 

where D k and D\ are the operators of total derivatives w.r.t. x 1 and x 2 
respectively, see formula ([8]). 

Now we can introduce the vector space -Ag k+1 , 

A 8k+1 = { j 2+k X G W p /L 2 p + k | X« G Xg k+1 } • (29) 

From this definition and (|7|), we get 

Proposition 4.1. Let j 2+k X = (p, X 1 , X 1 -, . . . , X 1 - ■ ) in the standard 
coordinates. Then j p +k X G Ag k+1 iff (X l ,Xj, . . . , Xj } j 2+fc ) is a solution of 
the system of linear homogeneous algebraic equations 

(D a (^ l x ))(9 k+1 ) = 0, i = l,2,3,4, 0<H<A;. 

It follows from definition (|16|) of the isotropy algebra Qg k that 

Qe k C Ag k+1 V 6 k+l G 7T^ k (6 k ) V fl fc G J k ir . 

From the definition of Ag k+1 , we get that 

Pk+2,k+l(Ag k+1 ) C Ag k . 

Let / be a point transformation of the base of it and let p be a point of 
the domain of /. The tangent map /* : T p — > generates the map 

4 +3 f : W p /L k + 2 — W f(p) /L k l 2 , j k ^f : j k + 2 X ~ j™(MX)) . 

Proposition 4.2. Let 9 k +i be a point of the domain of f( k+1 \ Then 

j k+3 f(Ag k+1 ) = A f(k +i)^ k+i) . 
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Proof. Let X be a vector field in the base of ir and let <pt be the flow of X. 
Then the condition j k+2 X G Ag k+1 means that Xg = d/dt(ipt (6k)) | t=Q G 
%e k . It follows that 

J t (f ° W o /"!)(*) (/W^)) U= /J^ff) • 

It is clear that f!; k \Xg k+1 ) = f° r every point of the do- 

main of f^ k+1 \ Therefore /i'^f) G yt /(A+1) (flfc+i) Thus j k+3 f(j k+2 X) G 
^/< fc+1 >(e fc+ i)- D 



Consider the restriction of the bilinear map [ • , • ] : W p / L k+2 x W p /L k ^ 



-2 



Wp/L£ +1 defined by Q} to A0 fc+1 x yi^. 
Proposition 4.3. 

Proof. Suppose j 2+k X,j 2+k Y E A 6k+1 . Then 

[f p +k X,3 2 p +k Y]=f p +k - 1 [X,Y] 



It is obvious that 

j 2 p + k - 1 {X,Y)eA ek iff [Xjfc 1 ^^, 
where 9 k = 7r fc+ljfc (f9 fc+1 ) and # fc _i = n k ,k-i{0k)- Suppose 

1 ^ 2 ^ 1 ^ 2 ^ 

Then 

[x, yjg" 1 ) = (Tr^O^fx, y]£>) = (ttoo,*-!)^!^), y (oo) ]0 

= (7r 00)fe _ 1 )*([X r L» r + 9^ (x) , F 1 !?! + y 2 D 2 + 9^ (y) ] e J , 

where 9^ G (tToo^+i) -1 ^). Taking into account the well known relations, 
see UT 



[Di, D 2 ] = [Dj, 9^] = 0, j = 1,2, [9^,, 9,/,] = 9{^} , 
where {0,-0} = 9^(0) - 9^); we § et 

[X, Y$-? = (ir^MiXlYj - Y^X^Di + 9^)])^ 

= ((x^-y^r + 9^ (n} )| efc _ i . 

From dH) and ([6]), we get 

W il.*,y)).=/(i,fl + Dl( f'(i),^ 

_ /(r) ^J Dj( ^ (r)) wo. 

y v ' du 1 3 ^ v /; 9u*' 

From Proposition 14.11 we have 

(D a (ip i x ))(9 k+1 )=0 and (D ff (^ )) (fifc+i) = 
i = 1,2,3,4, < Icr] < k. 
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It follows that 9r,/i-\ /cvviL = 0. Hence, 

= ((^i7-y^)2?*- 1 )| flfc _ i . 

This means that [j 2+A: X, j 2+fc Y] G A<j fc . □ 

4.1. Horizontal subspaces. Let 9k+i G J fe+1 7r, #fc = 7rfc +1 ,fc(0kH-l)> and 
p = 7Tfc + i(0fc_|_i). A 2-dimensional subspace iJ C Ag k+1 is called horisontal 
if the natural projection 

P/c+2,o|^ : H — ► Tp, pfc+2,0 : j p +2 X i-» X p , 
is an isomorphism. Let H be a horizontal subspace of Ae fe+1 , then 

Every two horizontal subspaces H,H C Ag k+1 define the linear map 

fn,H '■ T p ~* $dk > /h,h : ^ ^ {Pk+2,o\H)~ 1 (X) - {pk+2fl\f i y 1 {X) . 

On the other hand, let H C A$ k+1 be a horizontal subspace and let / : 
T p — > 0e fc be a linear map. Then there exists a unique horizontal subspace 
H C ^-6» fc+1 such that / = f H ft- This subspace is spanned by the k + 2-jets 
( Pk+ 2, \H)- 1 (X)-f(X),XeT p . 

Every horizontal subspace H C Ag k generates the 2-form ujjj on T p 
with values in Ag k 

uj h (X p ,Y p ) = [( Pk +2,o\ H )-HXp), (Pk+2,o\ H r 1 (Y p )], VX p ,Y p G T p . (30) 
From Proposition 14.21 we obviously get the following 

Proposition 4.4. Let f be a point transformation of the base of it and let 
9k+i be a point of the domain of the lifted transformation f( k+1 \ Then 

(1) If H is a horizontal subspace ofAg k+1 , thenj p +3 f(H) is a horizontal 
subspace of Af(k+i)iQ k \- 

(2) j k +*f(u H (Xp, Yp)) =^ p+3f{H) (/.(*„), f*(Y p )) , VX P , Y p G T p . 

5. Differential invariants on J 2 ir 

5.1. Horizontal subspaces of Ag 2 . Let 62 G J 2 vr, 9\ = ^2,1(^2) and P = 
^2(^2)- Consider the space ytg 2 . It is a subspace of the space W p /L p . From 
the system of equations describing the space Aq 2 , see Proposition 14.11 we 
obtain the natural filtration of Ag 2 and the corresponding graduate space 
GAg 2 : 

Ae 2 D 00! D Q 2 dl D {0} , GAg 2 = T p L°/Lj © 5 2 © {0}, 
where <? 2 is described by (fT9|) . 



Proposition 5.1. There are horizontal subspaces H C .A^ satisfying the 
condition 

P2,i{[f p X,f p Y])=0 Vf p X,j 3 p Y €H. (31) 
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Proof. First step. Let us prove that there are horizontal subspaces H C Ag 2 
satisfying the condition 

P2,o{[f p X, f p Y]) =0 Vj 3 p X,f p Y£H (32) 

Let H be an arbitrary horizontal subspace of Ag 2 . Then the formula 

t H (X p , Y p ) = P2,o(uh(X p , Y p )) , VX p , Y p G T p , 

defines the tensor tg E T p (8> (A 2 T*). Let / : T p — > qq 1 be a linear map and 
let H be a unique horizontal subspace of Ag 2 such that f H g = /■ Then for 
the corresponding tensor £&, we have 

^(x p , y p ) = p 2i0 ([i p 3 x - /(x p ) , i p 3 y - f(Y p )\) 

= t H (Xp,Yp)-p 2fi ([f p X,f(Y p )] - [f p Y, f(X p )]) 

= t H (Xp,Yp)-d 1A (f)(Xp,Y p ), 

where /' = p 3j i o / € £ p /£ p &> T p * and the operator 01,1 : L°/L^ <g> T p * -> 
T p <g> A 2 T p * is defined bv (fl5l) 

^(/O^,^) = [Xp, f(Y p )} - [Yp, f'(Xp)}, VXp,Y p G T p . 

It remains to prove that the linear map / can be chosen such that tjj = 0. To 
this end consider the spaces LP p /Ll and L],/L 2 p . They satisfy {EJ. Therefore 
we have complex (TH1) constructed for these spaces 

o -» l^/l 2 lJ/lJ ® r; ^> r p ® a 2 t; -» o . 

It is easy to check that this complex is exact. It follows that the linear map 
/ can be chosen such that tg = 0. From gl = L p /L p and L p /L p ^ {0}, we 
get that there are many horizontal subspaces of Ag 2 satisfying ([32]) . 

In the standard coordinates, an arbitrary horizontal subspace H C Ag 2 
has the form H = { j%X = (X\ h^ r X r , h) ih>r X r , p jlhj3>r X r ) }. Obvi- 
ously, H satisfies ([32]) iff 

h),r = K,j Vi,j,r. 

Second step. Let H be an arbitrary horizontal subspace of Ag 2 satisfying 
([32]) . let / : T p — > g 2 , be a linear map, and let H be a unique horizontal 
subspace of Ag 2 satisfying the condition f H jj = f. Then obviously, 

P3,i(H) = P3,i{H). (33) 

On the other hand, if H is an arbitrary horizontal subspace of Ag 2 satisfying 
(pi) , then f H g G ® T p *. It is clear now that there are many horizontal 

subspaces H C .A0 2 satisfying ([33]) . All these subspaces satisfy ([32]) . Let us 
prove that there exists a unique subspace H satisfying (|31|) among horizontal 
subspaces satisfying ([33]) . Taking into account ([32]) and ([T8]) . we define the 
tensor i# G L? p /L l p ® (A 2 T p ) by the formula 

^(X p ,Y p ) = P2,i(wff(-Xp,ip)) • 
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Let H be a horizontal subspace satisfying (f3"3"j) . Then 

t H (X p ,Y p ) = t H (X p ,Y p )-p 2A ([j 3 p X,f(Y p )] - [j 3 p Y, f(X p )}) 

= t H (X p ,Y p )-d 2>1 (f')(X p ,Y p ), 

where /' = p^^ ° j jj h £ g 2 ' ®T* and the operator 82,1 : g 2 <S> T* — > L p /L p <g> 
A 2 T p * is defined by & 

&,i(/')(* P ,r p ) = [x p , /'(y p )] - [Y p , f'(x p )}, wx p ,y p e t p . 

Now, from the exactness of the following complex (|14|) 

= G? 2 ) (1) ^ </ 2 ® t; *^ l°/lJ a 2 t; - o , 

we obtain that there exists a unique horizontal subspace H C Aq 2 satisfying 
(JMD and d3U). 

Thus we proved that there are many horizontal subspaces of Aq 2 satisfying 
(EH). " □ 



The following obvious statement is important to construct differential 
invariants. 

Proposition 5.2. Suppose f is a point transformation of the base of tt, 
62 is a point of the domain of f^ 2 \ and H is a horizontal subspace of Aq 2 
satisfying (f3Tj) , Then the horizontal subspace j p f(H) of A ^2)^ satisfies 
(BID too. 

5.2. The obstruction to linearization. Let H be an arbitrary horizontal 
subspace of Ag 2 satisfying (f3Tj) . let be its 2-form defined by (i30j) . and 
let p = 112(02) Then, obviously, 

UH^g 2 ® (a 2 t;) . 

Theorem 5.3. The 2-form uh is independent of the choice of a horizontal 
subspace H C Ag 2 satisfying (|3T1) . 

Proof. See section 19.21 of Appendix. □ 
Put 

where H is an arbitrary horizontal subspace of Ag 2 satisfying (|3ip . From 
theorem 15.31 we get that ujq 2 is well defined. Thus for every point 62 € J 2 7r, 
we define in the natural way the 2-form loq 2 on T p with values in g 2 . This 
means that the following statement holds. 

Theorem 5.4. The field of tensors on J 2 ir 

lo 2 : 9 2 1 — ► 0Je 2 ■ 

is a differential invariant of the action ofT on the bundle ir. 

We can consider uj 2 as a horizontal differential 2-form on J 2 7r with values 

2 

m g : 

uo 2 (X, Y) = uj 62 ((vr 2 )*(X), (tt 2 )*(F)) , 
where X and Y are tangent vectors to J 2 tt at the point 62- 
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In the standard coordinates, u is expressed in following way, see section 
of Appendix, 

(V <g> (dx 1 dx 1 ) + -Q^® (dx 1 dx 2 )) 



u 2 



+ F 2 (2 



9x 2 



(dx 2 dx 2 ) + (dx 1 dx 2 ))) 



(dx 1 A dx 2 ) , (34) 

where -F 1 and F 2 are defined by (|26|) , 

Let £ be equation (pQ) and let 5g be the corresponding section of ir. By 
a; 2 we denote the restriction of co 2 to the image of the section j^Sg. From 
Proposition 13.31 we get the following statement. 



Theorem 5.5. The equation £ can be reduced to the linear form by a point 



transformation iff uj% = 0. 



Thus the differential invariant uj 2 is a unique obstruction to linearization 
of equations ([I]) by point transformations. 

5.3. Derived invariants. Applying operations of tensor algebra to the ten- 
sor ujg 2 on T p , we can obtain in the natural way new tensors on T p . Indeed, 
applying the operation of contraction 

t p (t; t;) (a 2 t;) — > t; (a 2 t;) , {t) Krs) - (c fe , rfl ) , 

to the tensor (2/5)ug 2 , we get the tensor 

a d2 = (F l (e 2 )dx 1 + F 2 {e 2 )dx 2 ) (dx 1 A dx 2 ) . 
Thus the tensor field 

a 2 : #2 1 — ► «6> 2 

on J 2 7r is a differential invariant of the action of T on ir. 

Taking into account that dimT p = 2, we obtain that the contraction 

t p 0(t;at;)^t;, (ij fe )~(Ck), 

is an isomorphism. Therefore the contraction 

t p (a 2 t;) (a 2 t;) — > r; (a 2 t;) , (4 lsl , r2S2 ) - (C sl ,r 2S2 ) • 

is isomorphism also. It is easy to check that the pseudovector of weight 2 

is the inverse image of the tensor (l/2)ag 2 under this isomorphism. This 
means that (3g 2 is defined in the natural way. Thus the field of pseudovectors 

on J 2 7T 

[3 2 : 62 1 — > fig 2 
is a differential invariant of the action of V on tt. 

6. Differential invariants in J 3 ir 
In this section, we construct differential invariants on (^^^(Orb!]). 
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6.1. Spaces A 03 . Let 6 3 6 (7r 3 ,2) _1 (Orl^), 9 2 = ^3,2(^3) and p = n 2 (6 2 ). 
Consider the space Aq 3 . It is a subspace of the space W p /Lp. From the 
system of equations describing the space Ag 3 , see Proposition 14. 1\ we obtain 
the natural filtration of Ag 3 and the corresponding graduate space GAq 3 : 

A d3 D Qe 2 => Qe 2 D {0} D {0} , GA03 = T p ^ 2 © g 2 © {0} © {0}, (36) 

where g\ is described by (|25j) and g 2 is described by (fT9|) . In addition, we 
obtain the following statement 

Proposition 6.1. In the standard coordinates, components X 1 and X 1 - of 
elements of A$ 3 are connected by the equations 

2F 1 ■ X\ + F 2 ■ X\ + F 1 ■ X\ = —D1F 1 ■ X 1 - D 2 F l ■ X 2 

F 2 ■ X\ + F 1 ■ X\ + 2F 2 ■ X\ = —D\F 2 ■ X 1 - D 2 F 2 -X 2 , 

where F 1 and F 2 are defined by ([26p 

Proposition 6.2. There are horizontal subspaces H C Ag 3 satisfying the 
condition 

Pa,l[[j}X,j}Y])=0 V$X,j}Y€H. (38) 

Proof. First step. Show that there exist horizontal subspaces H C Ag 3 
satisfying the condition 

P3,o[U X '4 Y ])=° ^j$X,j A p Y£H (39) 

To this end consider two arbitrary horizontal subspaces H and H of Aq 3 . 
They generate the linear map f H g& Qe 2 ® T*. Then p^\ o f H g G g\ <S> T* . 
Now the existence of horizontal subspaces satisfying condition (j39H follows 
from (f27j) and the exact sequence 

- (^ 2 ) {1) ^ gi ® t; ^ t p © a 2 t; - o. 

Second step. Let H be an arbitrary horizontal subspace of Ag 3 satisfying 
(US]), let / : T p -> gj 2 be a linear map, and let H be a unique horizontal 
subspace of Ag 3 satisfying the condition f H g = f ■ Then obviously, 

Pi,i(H)=P4,i(H)- (4°) 

On the other hand, if H is an arbitrary horizontal subspace of Ag 3 satisfying 
(|40p , then f H fj£ Qq 2 ®T*. It is clear now that there are many horizontal 

subspaces H C Ag 3 satisfying (flOl) . From (|36l) . we get that p^2 o f H ^ G 
g 2 (&T*. Finally, from the exact sequence 

= (9 2 f ] ^g 2 ® t; ^ (lJ/lJ) © a 2 t; -> o , 

we obtain that there exists a unique horisontal subspace satisfying (I38p 
among subspaces -ff satisfying ([ID]) . □ 

Let be a horizontal subspace of .A03 satisfying (|3*8|) and let j^X, jp 1 Y G 
F. Then G fl^. Obviously, /9 3)2 (bpX, j*Y]) is element of 5 2 and 

it is equal to lu 2 (Xq 2 \ Yg 2 ). It follows from (|23|) that this element of g 2 
defines \jpX,jpY] uniquely. Thus we get the following 
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Remark 6.3. The bracket between vectors of a horizontal subspace of Ag 3 
satisfying (|38p does not lead to a new differential invariant differing of to 2 . 

6.2. Invariant form to 3 . Taking into account the previous remark, we will 
investigate the bracket between vectors of a horizontal subspace H C Ag 3 
and elements of the algebra Qg 2 to construct new differential invariants. 

To minimize the arbitrariness in our constructions, we will consider a 
horizontal subspace H satisfying (f3"8"]) and the element \jpX,jzY] G Qg C 
g 8l , where j%X,j*Y G H. 

Let j 4 p U,j 4 p Z G H, then w = [j 3 p Z,[j*X,j*Y]] G Qdo and [j 2 U,w] G 
Wp/Lp. There exists a unique vector jpZ G H such that Z p = pi,o(\jpU, w]). 
Then \j 2 U,w) — jpZ is element of Lp/Lp. Thus the formula 

t H (X p , Y p , Z p , Up) = [jpU, w] - j^Z V Up, Z p , X p , Y p G T p 
defines the tensor 

t H e (t p ® t;) ® t; <g> t* ® (r; a t;) . 

This tensor depends on the choice of a horizontal subspace H satisfying (|38jl . 
We transform this tensor to obtain a new tensor independent of this choice. 
To this end consider tji m detail. 

Lemma 6.4. 

in e t p <8> (t; © r; © r;) (r; a t;) 

Proof. See section 19.41 of Appendix □ 

Recall that the ideal g 2 = qq n (L p /L 2 ) of the isotropy algebra Qg is 
defined by (fT9l) . It can be considered as a subspace of T p (T^ QT*). There 
exists a natural projection 

/i : T p (r p * 0T;)^g 2 , h : (Jf} fc ) ^ ( i (<5j X[ r + 4 Xj r ) ) , 

where 5*- is the Kronecker symbol. This projection generates the natural 
projection 

ft : T p (T p * Tp*) Tp* (Tp* A T p *) — > 5 2 T p * (T p * A T p *). 
Taking into account that 

T p (Tp* Tp* Tp*) (Tp* A Tp*) C T p (T p * T p *) T p * (T p * A T p *), 

we can consider the tensor jKtn) G ^ 2 T* (Tp* AT*) as a 1-form with 
values in <7 2 (T* AT*). Then the contraction 

(Tp (Tp* A Tp*) 2 ) J (V (Tp* A Tp*)) T p *) C g 2 (T p * A T p *) 3 , 

) = (* 

defines the new tensor 

<4 = /3e 2 J A(*h) e <? 2 (Tp* A Tp*) 3 , 
where /36» 2 G T p (T* AT*) 2 and is defined by (f35l) . 

Theorem 6.5. The tensor tjjj is independent of the choice of a horizontal 
subspace H C Ag s satisfying ([38]) . 
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Proof. See section 19.51 of Appendix □ 

By luq 3 we denote the tensor 3ujjj. From the proof of Theorem l6.51 we have 
that ug 3 is described by the following formula in the standard coordinates : 

uj 93 = [V\0 3 ) ■ ex + * 2 (9 3 ) ■ e 2 ) ® (dx 1 A dx 2 f, 

where e\ and e 2 are generators of g 2 defined by 



tfl(0 3 ) = 3(^)2 2 /(A 3 ) = — (F 1 ) 2 ^ 2 + 2F 1 F 2 u 1 - 3(F 2 ) V 

- F 1 Fy + 4F X F 2 - 3F^F 2 , 
*\8 3 ) = 3(u 3 H )\ 2 /(\ 3 ) = -3(F X ) V + 2F 1 F 2 u 2 - (F 2 ) V 

+ 3F X F 2 - 4F*F 2 + F 2 F 2 , 

and 9 3 = ( x J , it 1 , . . . , ^4mj 3 )- It is clear that the tensor u>e 3 is defined 
by the point 9 3 G (^^(Orb") C J 3 7r in the natural way. Therefore, the 
map 

u 3 :9 3 ^io e3 V0 3 G (vT3, 2 )- 1 (Orb°) (41) 
is a differential invariant. 

6.3. Derived invariants. Applying the contraction 

r p <g> (r; t;) ® (t; a t;) 3 — ► r; ® (r; a r;f , 

f/i "\ 1— > (t m ) 

\ Jfe,risir2S2f3S3/ V 1 'mfc,risir2S2''3S3 / ' 

to w# 3 , we obtain in the natural way the new tensor at the point 9 3 G 
(^3, 2 )- 1 (OrbO) 

a 03 = (I'W + ^ 2 dx 2 ) ® (dx 1 A (ix 2 ) 3 . (42) 

Therefore the field of tensors on (7^,2) "^(Orb^) 

a 3 : #3 1 — > a# 3 

is a differential invariant of the action of T on 7r. 

The contraction of /?e 2 and ae 3 , where 62 = 7T3 j2 (# 3 ), gives in the natural 
way the next tensor 



"03 



^(/?e 2 J a 93 ) = F 3 (dx 1 A dx 2 ) 5 , (43) 

where F 3 is defined by (|28p . Therefore the tensor field on (7T3 j2 ) _1 (Orb2) 

v : 9 3 1 — ► i/ 03 

is a differential invariant of the action of T on it. First this invariant was 
obtained by R. Liouville in [19]. 

The contraction T p (g) (7T A ) — > Tp* is an isomorphism. Therefore the 
contraction 

t p ® (r; a t;) ® (t; a t;) 3 — » r; (r; a t;) 3 

is an isomorphism too. The tensor 

Pe 3 = {* 2 -^-* l -^)®(dx^dx 2 f 
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is the inverse image of the tensor ag 3 G T* ® (T* AT*) 3 . Therefore the 
tensor field on (-^^^(Orb^) 

P 3 : 63 i — > (3g 3 

is a differential invariant of the action of Y on n. 

For every point #3 G Orb^, the tensors ug 3 , (3g 2 , and (3g 3 , where #2 = 
^3,2(^3), generate in the natural way the vectors £i 9g and £2,^: 

A = - (F 2 — -F l — ) $0 = - (* 2 — — ) (44) 

Therefore the fields 



fl-^^^e,, e 2 3 ^3^6 S3 , V0 3 GOrb° 
are differential invariants of the action of Y on n. 



Proposition 6.6. For every point #3 G Orb^, the vectors £,i 03 , £29 of T p 
are linearly independent. 



Proof. It is easy to calculate that -F 2 ^ 1 + F 1 ^ 2 = -3F 3 / for every 
h G Orb°. 



0a G Orb§. □ 



Now we can define the vector fields £1 and £2 on (7^3) ^Orbjj) by the 
formulas 

& = - & = (4^ ( * 2 ^ - " /lz?2) ' (45) 

where is the operator of total derivative w.r.t. x 3 , j = 1,2, see (J5J) . 
It is clear that these vector fields are invariant w.r.t. every lifted point 
transformation /(°°). This means that £1 and £ 2 ar e differential invariants 
of the action of Y on ir. 

It follows from the last proposition that the vector fields £1 and £2 are 
linear independent in every point #oo G (71-00,3) "^(Orb^). 



7. Scalar differential invariants 

7.1. Algebra of scalar differential invariants. Recall that a function 
defined in J k ir and invariant w.r.t. all lifted point transformations f^ is a 
scalar differential invariant of order k. 

In this section, we construct scalar differential invariants in the bundles 
(7r fci3 )- 1 (Orb°) C J fc vr, k > 3. 

By Ak we denote algebra of all scalar differential invariants of order k in 
( 7r fc,3) _1 (Orb3), k > 3. It is clear that if / G Af~, then (ftk+i,k)*(I) G A^+i- 
We will identify these invariants. Thus we have the filtration 

A cA 1 c...cA k c... 

Clearly, that every function of /c-order scalar differential invariants is a 
/c-order scalar differential invariant. Let {I 1 , • • • , I Nk } be a maximal collec- 
tion of /c-order functionally independent scalar differential invariants. Then 
this collection generates A^, that is every invariant I G A^ is some function 
of I 1 , I N K 
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Let 6 k be a generic point of J k ir and let p = 7r Then obviously the 
following formula holds. 

dim J k ir = dim(W p /L k+2 ) - dim 5 e fc + N k . (46) 

In section 13.21 we obtained the following results for a generic point 9 k : 
dim00 fc = 6 if k = 0, 1, dimg^ = 4 if k = 2, and dimg^ = if k > 3. 
Using formula (|46p . we get now the following table 



k 


dim J k Tr 


dim(W p /L k + 2 ) 


dim5e fe 


N k 





8 


14 


6 





1 


16 


22 


6 





2 


28 


32 


4 





3 


44 


44 








4 


64 


58 





6 


5 


88 


74 





14 




2k 2 + 6k + 8 


k 2 + 7k + 14 





k 2 - k - 6 



From this table, we get 

Proposition 7.1. (1) The algebra A k , < k < 3, is trivial, that is it 
consists of constants. 
(2) The algebra A k , k > 4, is generated by k 2 — k — 6 functionally inde- 
pendent scalar differential invariants of order k. In particular, A4 
is generated by 6 independent invariants and A§ is generated by 14 
independent invariants. 

7.2. Generators. Let 64 be a point of (7T4^)~ 1 (Oib^) C J 4 7r, #3 = ^4^(64) 
and p = ^4(84). Consider the space Ag 4 . From Proposition [331 we have that 
0e 3 = {0}. On the other hand, from system defining Ag 4 , see Proposition STj 
we have that Ag 4 contains horizontal subspaces. Thus, Ag 4 is a horizontal 
subspace. By u>g 4 we denote the 2-form uja 6a on T p with values in Ag s 
defined by formula (|30l) . Then p^o o ojg 4 is a 2-form on T p with values in 
T p . Decomposing the vector p ifi o ug 4 ( £i fl3 , 6<, 3 ) over tne base {£ie 3 > 6e 3 } 
of Tp 

0^4(6*3, 6 fl3 ) =/ 1 (^)ei 93 +/ 2 (^)e2 e3 , 

we obtain the numbers / 1 (^4) and I 2 {64) in the natural way. Thus the 
functions 

I 1 : 64^ I 1 (64), I 2 -.64^ I 2 {04) 

are scalar differential invariants on (^4 3) _1 (Orb3) C J 4 7r. 

Next scalar invariants can be obtained in the following way. Let j p Z 
be the vector of the horizontal subspace P5,4(Ag 4 ) of Ag 3 such that Z p = 
P4,o(w0 4 (£i„ 3 , 6e 3 ))- Then ^e 4 (6 S3 , £2^ ) - jp^ G 5e 2 . It follows that 
/04,i(w0 4 (£i 93 , 6e 3 ) - jp z ) ^ Tp® T*. By A we denote this element of 
T p ®T*. We have that A(£i 93 ) and A(^2 fl3 ) are vectors of T p . The decom- 
positions of these vectors over the base { £i e3 , ^2g 3 } 

A(6„ 3 ) =/ 3 (04)6 fl3 +/ 4 (^4)6 S3 , A(6 fl3 ) =/ 5 (#4)£l 93 +/ 6 (^)e2 fl3 



DIFFERENTIAL INVARIANTS 



21 



give the numbers I 3 {9^), j = 3,4,5,6. Clearly that these numbers are 
constructed in the natural way. Thus the functions 

p :0 4 .-JJ(0 4 ), j = 3,4,5,6, 

are new scalar differential invariants on (7^3) _1 (Orb;]) C J 4 7r. The following 
theorem can be proved by direct calculations with the help of computer 
algebra. 

Theorem 7.2. The collection {I 1 , I 2 , I 6 } is a maximal collection of 
functionally independent invariants of the algebra A±. 

It is clear that if J is a /c-order scalar differential invariant, then its Lie 
derivative along the invariant vector field £j, j = 1, 2, is a k + 1-order 
scalar differential invariant. The following theorem can be proved also by 
direct calculations with the help of computer algebra. 

Theorem 7.3. The algebra A§ is generated by the invariants I k , ), 
j = 1,2, k = 1,2, ... ,6. In particular, the collection of 14 invariants: 
I k ,^i(I k ), k = 1,2,..., 6, ^(I 5 ), o,nd £,2{I 6 ) is a maximal collection of 
functionally independent invariants of the algebra A5. 

8. The equivalence problem 

8.1. Suppose £1 and £2 are equations of form (pQ), a\ and a\, i = 0, 1, 2, 3, 
are the coefficients of these equations respectively. Consider equations © 
describing transformation of coefficients of equations ([I]) under point trans- 
formations. From these equations, we obtain the system of 2-order PDEs 
for a point transformation / 

F m { f , fj, f) k ) = af- $ m (a° 2 (f\ f), o|(/\ f), f), f jk )=0, 

fifi - /1/2 + m = 0,l,2,3. 

We denote this system by ^(£1,62)- The equations £1 and £2 are locally 
equivalent iff ^(£1, £2) has a solution. 

Let r : R 2 x R 2 — ► R 2 be a product bundle, r k : J k r — ► R 2 the bundle 
of &-jets of sections of r, and Tk lt k 2 '■ J kl T — ► J k2 r, k\ > k%, the natural 
projection sending a k\-jet to its fo-jet. We considered the system V(£i, £2) 
as a submanifold of J 2 t and we consider a solution / of y (£1, £2) as a section 
f of t such that the image of the section j'2/ of T2 belongs to y(£i, £2)- 

Consider an arbitrary /c-order PDE system ^ C J k r. Let y G y and 
y' = Tk,k-i{y)- The tangent space to V n T k l^i(y') at the point y is called 
the symbol of y at the point y and is denoted by Smblj, V . It is easy to prove 
that for every point y G V(£i, £2)) the symbol Smbl y y(£i, £2) coincides with 
the vector space g 2 describing by (fl~9j) . 

The r-th prolongation, r = 1, 2, . . ., of y (£1, £2) is defined as the subman- 
ifold V(£i, £2)^ C J 2+t t describing by the system of equations 

D a F m = 0, m = 0,1,2,3, < \a\ < r, 

/i/ 2 2 -/i/ 2 Vo, 

where D a = D(ji,j 2 ,...,j , CT ,) = Dji • • • an< ^ Dj is the operator of total 
derivative w.r.t. x 3 in the bundle J°°r. Let j^+rj e y(£i,£ 2 ) (r) . Then 
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/^C/p^fiJ = 3}(, p )Sz 2 - Taking into account that the r-jet / (r) (jp5 £l ) is 
defined by the 2 + r-jet j p +r f, we will say that 2 + r-jet j p +r f transforms 
the r-jet j£S £l to the r-jet jf^S^. 

It is easy to prove that for every point y G y(£i, £2)^1 the symbol 
Smblj / y(£i,£ 2 ) (r) is equal to {0} if r > 1. 
The following theorem holds, see [16j . 

Theorem 8.1. Let y C J k T be a PDE system. Assume that 

(1) Smblj, "% = { } for every y G V, 

(2) Tfe+i^lyti): -> V ^ surjective. 

Then for every y G y £/iere is a solution fofty such that j£f = y, p = T^{y). 

8.2. Let £ be an equation of form (P) and Sg be the section of ir identified 
with this equation. We can consider the restrictions of a scalar differential 
invariant I of order k to the image of the section jkSg as a function of x 1 and 
x 2 in the domain of Sg . This function is called a scalar differential invariant 
of order k of the equation £ and is denoted by ig. By we denote the 
algebra of all scalar differential invariants of order k of the equation £. 

Let p be a point of the domain of Sg. We say that p is regular if there 
exists a neighborhood C/ p of p such that the image of the restriction j^S^lu 
belongs to Orb^. We will say that the neighborhood U p is regular too. We 
will solve the equivalence problem in neighborhoods of regular points. 

Let p be a regular point of £. Then it is possible three cases: 

(1) In some neighborhood of p, invariants Ig , n = 1, 2, . . . , 6, are con- 
stants. 

(2) Among the invariants ll, . . . , J|, there is a nontrivial invariant gen- 
erating A| in some neighborhood of p. 

(3) Among the invariants 7g, (<v/(I n ))g, n = 1, 2, . . . , 6, j = 1, 2, there 
are two functionally independent invariants in some neighborhood 
of p. 

In the first case, the equivalence problem is solved by 

Theorem 8.2. Suppose £1 and £2 are equations of form (P), p\ and P2 
are their regular points, and the invariants Ig and Ig , A; = 1, 2, . . . , 6, are 
constants in some neighborhoods of p\ and P2 respectively. Then there exists 
a point transformation of neighborhoods of the points p\ and P2 transforming 
£1 to £2 and taking p% to P2 iff 

Proof. The necessity is obvious. Prove the sufficiency. Consider regular 
neighborhoods U Pl of p\ and U P2 of p 2 so that Ig \u and Ig |t/ P are con- 
stants, k = 1,2, ... ,6. Restrict £1 to U Pl and £2 to U P2 . By y we denote 

thePDEVCfiali^EalO. 

Consider the equation y( 3 ). We have that Smbl y y( 3 ) = {0} for every 

point y G 

Check that the projection tq^ : (y( 3 ))^ = y*- 4 - 1 — ► y^ 3 ^ is a surjection. 
Suppose j p f G y^ 3 ). Then j'p 5 / takes j p S^ 1 to j^^S^ 2 . Taking into account 
that the isotropy algebra g$ 3 = {0} for every point #3 G Orb!], we get 
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that there exists a unique 5-jet of point transformations taking jpS^ to 
jf(p\^E-2- I* follows from the condition I^ 1 \u P1 = ^ 2 \u P2 Vfc that the jets 
jpS^ and jf(p\£>e, 2 belong to the same orbit of J 4 7r. Hence there exists a 6- 
jet j$f e y (4) transforming j^S El to jj l{p) S E2 . Obviously, T G , 5 (jpf) = jpf- 

Thus the projection (y^ 3 -*)^ — ► is a surjection. 

The 3-jets j^Sgj and jp 2 Sz 2 belong to the orbit Orbj]. Hence there exists 
a (unique) jet j^f of point transformations taking j^S^ to jp 2 S^ 2 . Now 
it follows from Theorem 18.11 that there exists a solution /' of the equation 
y such that = & f- □ 

In the second case, the equivalence problem is solved by 

Theorem 8.3. Suppose S.\ and £2 ar e equations of form ([T]) ; p\ and P2 

are their regular points. Suppose Jgj G {J 1 ^, . . . ,1^ }, dJgj 1 7^ ; and 

Jg x generates m some neighborhood of p\ . Then there exists a point 
transformation of neighborhoods of p\ and P2 transforming £1 to £2 and 
taking p\ to P2 iff the following conditions hold: 

(1) dJe, 2 \ p2 ^ 0, J £a generates A\ 2 , and Je x (p) = Jz 2 {p2)- 

(2) ///^ = F k (J £ . 1 ) and (t,j(I k )) £ = Fj^JgJ in some neighborhood of 
pi, then Jg 2 = F k (Jz 2 ) and (£j(/ fc )) £ ^ = Fj(J^ 2 ) in some neighbor- 
hood ofp 2 , k = 1,2, ... ,6, i = 1,2. 

Proof. The necessity is obvious. Prove the sufficiency. It is clear that there 
exists a neighborhood V of the point J^ipi) = Je 2 (P2) in K such that Jg x 
generates A| in f7 Pl = J £ " 1 (F) and conditions (1) and (2) are satisfied for 
£2 in U P2 = J£(V). Let i = }){Ei\u P1 , B 2 \u n )- Then Smbl^ 4 ) = {0} for 
every point y G y*- 4 ). 

Check that the projection t-j^ : {^^)^ = — ► y^ 4 - 1 is a surjec- 
tion. Let jpf G y^ 4 ). This means that jpf transforms jpS^ to jj^S^ 2 . 
Taking into account that the isotropy algebra q$ 4 = {0} for every point 
#4 G (7^3) "^(Orb^), we get that jpf is a unique 6-jet transforming jpS^ 1 
to 3f(p)S£ 2 . The jets jpS El and jfu>)S£, 2 belongs to the same orbit. Hence 
J&iijpS&i) = J^UfM^^)- From condition (2) of the theorem, we get that 
hittpSz!) = h 2 (jj^S£, 2 ) for every I G A 5 . This means that the 5-jets 
jpS^ and J/(p) , S , £2 belong to the same orbit. Hence there exists a 7-jet 
j 7 p f G y (5) transforming j^S El to jy^S^. Obviously T 7fi (j 7 p f) = j$f. 

Thus the projection (y( 4 )) (1) — ► ^ is a surjection. 

It follows from conditions of the theorem that the 4-jets j^S^ and jp 2 S^ 2 
belong to the same orbit. Hence there exists a (unique) jet j®f transform- 
ing jp 1 S£ 1 to jp 2 Sz 2 . Now it follows from Theorem 18.11 that there exists a 
solution /' of the equation y such that jpf = jpf ■ □ 

In the last case, the equivalence problem is solved by the following theo- 
rem, which is proved in the same way as the previous one. 
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Theorem 8.4. Suppose £1 and £2 o,re equations of form ([I]), p\ and P2 

are their regular points. Suppose invariants , J| 0/ i/ie collection of 
the invariants {1^, )) gl }fe=i,2,...,6,j=l,2 are functionally independent 

in some neighborhood of p\ . Then there exists a point transformation of 
neighborhoods of p\ and P2 transforming £1 to £2 and taking p± to pi iff the 
following conditions hold: 

(1) The invariants Jg 2 , J| 2 are functionally independent in some neigh- 
borhood ofp 2 , J^ipi) = J\ 2 {P2), and J^Oi) = J| 2 (P2). 

(2) = F k {j\ il Jl x ) and (0( /fe )) £l = F j{ J l^ J l x ) in som e neigh- 
borhood of Pl , thenl k &2 = F k (4 2 ,Jl) and fc(I fc )) £2 = if(4 2 » J £ 2 ) 
m some neighborhood of P 2, k = 1, 2, . . . , 6, j = 1, 2. 



9. Appendix 



9.1. The proof of Proposition 12.11 Suppose X and Y are vector fields 
on the base of ir, ft and g s are their flows respectively. Then 



[*« yW] = |imi(yw - (/«).(y« o /«)) 



lim — f — 

t^o t\ as 

ds 



s=0 



'ds 



s=0 

lim — — 

t->o i (is 



lim — ( — 

t->o t\ds 



lim — — 

t-»-o i (is 



s=0 



9s° ft° g s ° f- 



s=0 
(fc) 



,Wo/«o^)o/« 



s=0 

(fc) 



lim — f — 

t->o t V <is 



s=0 



ds 



s=0 



ft° g s ° f-t 



(k) 



iimi(y-(/ t )*(yo/_ t )) (fe) = [x,y]« 



The R - linearity of the map X 1— > is obvious. This completes the 

proof. 



9.2. The proof of Theorem 15. 3L Let Oi be the point of such that its 
standard coordinates are zeros and let 62 be an arbitrary point of the fiber 
( 7r 2,i) _1 (0i). Taking into account that J 1 ^ is an orbit of the action of F, we 
obtain that it is enough to prove this theorem for the point 62- 

From propositions BTTj we get that the algebra goi is defined by the system 



X 



X 
X 



11 



111 



112 



0, 

0, 
0, 



X 



11 



2X 



X 
X 



111 



112 



2X 
2X 



12 



112 



2X 



12 



X. 



122 



2X 
2X 



112 



122 



X 

x. 



22 



122 



222 



0, 

0, 
0, 



X. 



X 

x. 



22 



122 



222 



0, 

0, 

0. 



Whence, 



0Ol = { Jo 3 X = (O, X}, x* jlja , 0)} 



where the components Xj are arbitrary and the components Xj ij2 satisfy 
to (fT9j) . From propositions 14.11 we get that the space Ag 2 is defined by the 
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system 

X 2 X = 0, X n — 2X 2 2 = 0, 2X^2 — Xf 2 = 0, X 22 = 0, 
x iu = u \i X \ —X{- ll +2Xi l2 = u\ i X l , -2X\ l2 + X\ 22 = uliX 1 , 

X 122 = ~ u ti X \ 

X U2 = U \2 X \ ~ x ii2 + 2X 2 22 = UftX*, —2Xl 22 + X 222 = uf 2 X\ 

yl _ „,4 yi 
^222 — u i2^ ■ 

Whence, 

A$ 2 = { j$ x = { X\ X), X l jij2 , X l jij2h ) } , 

where the components Xj are arbitrary and the components X j 1 j 2 satisfy to 
(fT9|) . It follows that there exists a horizontal subspace H C Ag 2 such that 

# = { j 3 X = (X\ 0, 0, hi lj2j3tr X r )}. 

Obviously, this subspace satisfies condition (j3lT) . Hence 

^ff(X p ,y p ) = ( (hj lj2rtS - h % j 1 j 2StT )X r Y a ) , 

where X p = (X^X 2 ) and Y p = (Y l ,Y 2 ). An arbitrary horizontal subspace 
H C Ag 2 has the form 

H = { il x = ( X \ h l jr X r , h l hj2T X r } h l jij2j3 r X r ) } , 

where the components h l , ,- 2 r X r satisfy to (fTUl) . Let -ff satisfies ([31]) . Then 

^H^pi Yp) = ( ( hj 1 j 2 r h k s — hj i j 2 S h k r + hj 1 ^ r h k j 2 S — hj lS h k j 2r 

-L h k h i — h k /)* 4-?i* — /)* ^ X r Y s \ 

3ii r kji,s 32,s kji,r ' jij2r,s jij2S,r 1 ) • 

Consequently, 



(ujfj-ujH )(X p ,Y f 



pi 



— ( h k h* — h k h l -I- h k h l — h k h l 

~ V jlh,r n k,s n jij2,s k,r > ji,r"'kj2,s n ji,s"'kj2,r 

h k W — h k V" \ Y r V s 
~ n ]2,r kji,s ' 32,s n kji,r 1 

Prove that oj^ — ojh = 0. Condition (I3ip for H means that 





h % 


= K, S vt 


, r, s and 






"11,2 


"12,1 


- ft 2 /v 1 


- h 2 h 1 






h 1 

"12,2 


"22,1 


— n 22 n xx 


+ h 22 h\ 2 — 


"1,2"1,2 


— h\ 2 h\ 2 


h 2 

"11,2 


h 2 

"12,1 


- h 1 h 2 

— "l,2"l,l 


+ ^1^^1,2 ~~ 


ft 2 
"l,l"l,2 


h 2 h 2 

"l,l"2,2 


h 2 

"12,2 


"22,1 


- /7 1 /7 2 


ft 2 

"l,2"l,2 • 







Taking into account that the components h t j i j 2r X r satisfy (flTJ]) . we can 
rewrite the last system in the following way 

2^-12,2 — ^12,1 = ^1,2^1,2 ~~ ^1,1^2,2 ) 

^12,2 = ^2,2^1,1 + ^2,2^1,2 — ^1,2^1,2 — ^1,2^2,2 ; 

_^2 _ .1 ft 2 , ft 2 l2 ^2 _ ^2 ^2 

"12,1 — "l,2"l,l ^ ' t l,2'''l,2 ' t l,l'*'l,2 "l,l"2,2 ) 

^12,2 — 2h\ 21 = ^2,2^1,1 — ^1,2^1,2 • 



26 



V.A. YUMAGUZHIN 



From this system, the components hj, k are expressed in the terms of the 
components h l - k in the following way: 

7,2 _ ^2 r 1 ,2 t 1 
"12,2 ~~ n l,2 n X,2 ' i l,l' i 2,2 i 

^12,2 = ^2,2^1,1 + ^2,2^1,2 ~~ ^1,2^1,2 ~~ ^1,2^2,2 > , , 

7 2 7 1 , 2 7 2 7 2 i 7 1 ij , ,2 7 2 ' 

"12,1 ~~ — /l l,2' l l,l ~~ "1,2"1,2 i "1,1"1,2 "+~ "1,1^2,2 ) 

/,! _ ^2 i 1 _ r 2 t 1 
"12,1 ~~ ' i l,2' i l,2 ' i l ) l' t 2,2 • 

The values of the 2-form uj^ — ujh belong to g 2 and g 2 is defined by (|19p . 
Therefore to prove that u;^ — is zero, it is enough to check that the 

components (u;^- — u)h)x2 12 an d {wjj ~ CJ ^)i2 12 °f u h ~ ^ H are zeros - It 
can be easily checked by direct calculations applying (jlTl) . the equalities 
h\ r = /i* )S , and taking into account that the components M - a r X r satisfy 
(fl~9l) . This concludes the proof. 

9.3. The expression of lo 2 in the standard coordinates. Let 82 be an 

arbitrary point of J 2 tt, 9\ = 7^1(6*2), and p = ^2(^2)- Then it follows from 
g\ = Lp/Lp and Lp/L 2 C Lp/Lp <g> T£ that there are horizontal subspaces 
of H c yie 2 so that 

# = { j p 3 X = ( X\ 0, /^ : ;: ,,..V". ^ li2i3)r X r ) } . (48) 
Suppose H is one of these horizontal subspaces and jpX,jpY £ H. Then 

It follows that .ff satisfies (|3"Tj) iff 

Vectors jpX G -ff satisfy the system, 

$r(0i) = O, Di(V^)(^)=0 ; r» 2 (^)(^) = 0, (49) 
i = 1,2,3,4 

defining Aq 2 , see Proposition 14. 11 The eight last equations of this system ex- 
press the components hj^^ r in the terms of hj j 2 r . The four first equations 
of this system 

-u\X l - u\X 2 + h 2 U r X r = , 
-ulX 1 - u\X 2 - h\ l r X r + 2h\ 2 r X r = , 
-u\ X 1 - u\X 2 - 2h\^ r X r + h\^ r X T = , 

-u\X l - u\X 2 - h\ 2 r X T = 

connect the components hj^ r . It is easy to see that this system has a 
unique solution h) ■ satisfying the condition h) = h) for all i,j,r,s. 
This solution is described by the formulas 

^11,1 = ^ u 2 ~ u \ ! ^11,2 = g ( u 2 ~ 2u 2 ) , h\ 2 2 = — ^1 j ^-22,2 = ~ u 2 > 

^11,1 = n l i ^11,2 = n 2 1 h>12,2 = g( ^ u 2 ~~ u l ) 1 ^"22,2 = 2tif + M2 • 
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Thus in Ag 2 , there exists a unique horizontal subspace H satisfying ([15]) and 
(|31[) . Prom above-mentioned formula for brackets of vectors of H, we get 

Taking into account (|19p and (|22p . we get 

U0 2 = ((7*111,2 - ^112,l) • e l + (^221,2 - ^222,l) ■ e 2) ® (cfe 1 A (fx 2 ) . 

From the eight last equations of system (|49p . we get that 



^111,2 ~~ ^112,1 — F 1 > ^221,2 ~~ ^222,1 ~ ^ ! 

where -F 1 and F 2 are defined by (|26|) . Thus we obtain the following expres- 
sion of uj 2 in the standard coordinates 



u 2 



d d 
F ® (dx 1 dx 1 ) + (dx 1 dx 2 )) 

(dx 1 A dx 2 ) . 

9.4. The proof of Lemma 16.41 Let us calculate components of the tensor 
tn in the standard base of T p to check the required symmetry. 

In the standard coordinates, the horizontal subspace H is defined by the 
quantities h) k , h % hhk , h) ijAk , ,u, k = 1, 2 

H = {j p X = (X , X (hj k , hj i: j 2k , hj i: j 2 j 3k , hj^j^fr.)). 
Condition (f39"P means 

h ),k = h k,j Vi.j.fc. 

Let 

\j$X,j$Y] = (0, 0, 4 i2 , 4 j2j3 ) (50) 
in the standard coordinates. Then 



w 



[j 3 p Z,[4x,j*Y]] 



Z k (9jk> ~9j 1 j 2 K,k + ^ji,k9 l rj 2 + ^ r j2,k9lj 1 + 9j 2 j 1 



k h 



[jpU,w] — U rn Z k (g t mk , h r j m g l rk — gjkK,m 

9jrrJ^r,k ^j,k9rm ^m,k9rj 9jmk ) 

and 

[jpU,w] — jpZ = U m Z k ( h r ^ m g % rk — g r jkh l r m — h l j r g r mk 

~ 9jm) l r,k + ^ l j ! k9rm + ^rn,k9rj + 9jmk )• (^1) 

Taking into account that h l - k = h k j for all i, j, k, we get that the expression 

7 7* % T* 1 i T* 7 % T 1 % 7 T 1 % i 7 T* % % 

^j,m9rk 9jk^r,m 9mk'^r,j 9jmP'r,k ^j,k9rm ' ^m,k9rj 9jmk' 

is symmetric over the indexes j, k and m. This completes the proof. 
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9.5. The proof of Theorem 16.51 We calculate the tensor uj^ h in the stan- 
dard coordinates to prove the theorem. To this end, we carry out the fol- 
lowing steps: 

(1) Calculate components h l - k of a horizontal subspace H satisfying 
property ([55]) . 

(2) Calculate the components g l j l j 2 and 9j 1 j 2 j 3 of \jpX,jpY], where 
j$X,j$Y€H. 

(3) Calculate the components i*- mfe of the tensors tjj and the components 
tj mk of the tensors ji{t H ). 

(4) Finally, calculate components of the tensor lUjj. 

Recall that 8 3 e (7r 3 ,2) -1 (Orb§). Therefore (F 1 (9 2 ) , F 2 (9 2 )) + for 9 2 = 
^3,2(6*3)- 

In this proof, we suppose that F l {9 2 ) 7^ 0. For the case F 2 {9 2 ) 7^ 0, the 
proof is the same. We omit it. 

Step (1). Let H be an arbitrary horizontal subspace of Ag 3 satisfying 
(I38D . Then it follows from (|37H that the components k of H are defined 
by the system of equations 

h ),k = h l,j V*,j,fc, 

2F 1 h\ >1 + F 2 hl tl + F x h\ 2 = -D 1 F 1 , 

2F X ^ (2 + F 2 h\ 2 + F 1 ^ 2 = —D2F 1 , 

F 2 h\ tl + F 1 /!^ + 2F 2 /i 2 j2 = -£>iF 2 , 

F 2 /^ 2 + F 1 /^ 2 + 2F 2 h\ 2 = -D 2 F 2 . 

From this system, we get 

h\,2 = h\ x = {2hl l {F 2 f + Zhl^F 2 - F 1 F 2 + 2F X 1 F 2 )/(F 1 ) 2 , 
4 ) 2 = (^ 1) i(F 2 ) 3 + 5^ 1 F 1 (F 2 ) 2 

- (F V ) 2 F 2 + 2F 1 FyF 2 - 3F 1 F 2 F 2 + 4F C 1 (F 2 ) 2 )/(F 1 ) 3 , 
h\, 2 = h\ x = {-hl.F 2 - 2/i^F 1 - F l x )/F\ 
hi 2 = {-3hl 1 (F 2 ) 2 -Ahl^F 2 

- F 1 F y l + 2F 1 F 2 - 3F^F 2 ) /{F 1 ) 2 . 

Here the components h\ x and h 2 x are arbitrary. They define the arbitrari- 
ness in the choice of a horizontal subspace H satisfying property (J38]). 

Step (2). It is clear from the construction of the invariant cu 2 that the 
components g l - k in (j50H . which are symmetric over the indexes j and k, are 
defined by 

g\ 2 = F 2 (9 2 )X, g 2 2 = F\e 2 )X, X = X 1 Y 2 -X 2 Y 1 , 

9ll = 2 9l2, 922 = 2 9l2, 922 = °> Sll =0. 

It follows from (j23[) and the system of equation defining g^, see Proposi- 
tion EH1 that the components g) 1 j 2 j 3 in (j50l) . which are symmetric over the 



(52) 
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indexes j\ , j% , and j'3 , are denned by the equations 

g\ n = -3F 2 u°X, g\ l2 = -FVA, g\ 22 = -F 2 u 2 X, g\ 22 = -3F 2 u 3 A, 
<7? U =3FVA, s? 12 = FVA, <? 2 22 = FVA, g 2 222 = 3FVA . 

Step (3). Substituting (|52|) . (|53l) and (j54"l) in (|5lT) . we obtain the compo- 
nents i* mfc of the tensor tn ■ 

t\ u = 3XF 2 {h 2 l - u°), 

tiu = *i2i = 4i = XF 2 (-2h 2 u F 2 - Sh^F 1 - F l u l - 2F l x )/F\ 

A22 = 4i2 = 4i = AF^-T/^F 2 ) 2 - lO/^F 2 - (F 1 ) 2 ^ - F 1 Fy 

+ 4F 1 F 2 -7F 1 F 2 )/((F 1 ) 2 ), 
t\ 22 = 3XF 2 (-4h 2 u {F 2 ) 3 - hhl^iF 2 ) 2 - (F 1 ) 3 ^ 3 + (F r ) 2 F 2 

- 2F 1 F 1 F 2 + 3F 1 F 2 F 2 - 4F 1 (F 2 ) 2 )/((F 1 ) 3 ), 
% 11 = 3\F 1 {-h 2 n +u°), 

t\i2 = *i2i = 4i = A(2/ l ? 1 F 2 + 5/i^F 1 + FV + 2F 1 ), 

t 2 22 = t 2 12 = t 2 21 = X(7h 2 n (F 2 ) 2 + lO/^F 2 + (F 1 ) V + F 1 F 1 

-4F 1 F 2 + 7F r 1 F 2 )/F 1 , 
t\ 22 = 3A(4/ l 2 1 (F 2 ) 3 + S/^F^F 2 ) 2 + (F 1 ) 3 ^ - (F X ) 2 F 2 
+ 2F 1 F 1 F 2 - 3F 1 F 2 F 2 + 4F r 1 (F 2 ) 2 )/((F 1 ) 2 ). 

Now we obtain the components t l - mk of the tensors //(iff): 

t* 21 = A(5/i 2 1 (F 2 ) 2 + S/i^F^ 2 + (F 1 ) V + F X F X - F 1 F 2 u 1 

-4F 1 F 2 + 5F 1 F 2 )/(3F 1 ) ! 
t{ 22 = A(5/ l 2 1 (F 2 ) 3 + S/^F^F 2 ) 2 + 3(F 1 )V - (F 1 ) 2 F 2 n 2 - 3(F 1 ) 2 F 2 

+ 5F 1 F^F 2 - 5F 1 F 2 F 2 + 5F 1 (F 2 ) 2 )/(3(F 1 ) 2 ) , 
t= 21 = A(5/i 2 1 F 2 + 5/i^F 1 + F l u l + 2F 1 - 3F 2 n°)/3, 
p 122 = X(5h 2 n (F 2 ) 2 + 5t^ 1 F 1 F 2 + (F 1 ) V + F 1 Fy - F 1 F 2 u 1 

-4F 1 F 2 + 5F 1 F 2 )/(3F 1 ), 

Jl _ +1 /l _ il i2_-?2 12 _ 72 

r 121 — r 211> <T22 — r 212> c 121 — c 211> r 122 — c 212> 

~~\_ ""2 """2 """l """l 

*111 = 2^121) ^112 = 2^122) *221 = 2*121; ^222 = ^122^ 

fl _fl _f2 _f2 _n 
c 221 — r 222 — — r 112 — u - 
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Step (4) . Taking into account expression ([35]) of (3g 2 , we obtain the com- 
ponents {^%Yj k of the tensor lu h = 0$ 2 J ^{tu)'- 

(lj 3 h )\ 2 = A 3 ^^ 1 ) V + 2F 1 F 2 u 2 - (F 2 ) 2 u l 

+ 3F l F 2 - \F]F 2 + F 2 F 2 ) /3, 
K)?2 = A 3 (-(F 1 ) 2 n 2 + 2F 1 F 2 u 1 - 3(F 2 ) 2 u° 

- F 1 Fy + 4F 1 F 2 - 3F^F 2 )/3, 

K)ll = 2K) 2 2 , (<4)| 2 = 2{<4l)l2, K)22 = K)ll = 0. 

We get that the components of lu^ are independent of the choice of a hori- 
zontal subspace H satisfying (|38|) , This completes the proof. 
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